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Abstract. The new optimization method of outer layer fiber directions and concentrations of plywood plate with glass
fiber-vinyl ester resin outer layers are proposed. The method minimizes structural compliance. It consists of two phases.
The fiber directions are optimized in the first phase and concentrations in the second phase. The increase of stiffness is
about 30% of plate with optimized fiber direction and concentration comparing to similar non-optimized plate.
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Introduction
Laminated plates and shells with variable stiffness
have been intensively introduced investigated and widely
used during past two decades.
An optimal variable stiffness plate could be obtained
by optimization of fiber orientation angle (Keller, 2010;
Pelletier, Vel, 2006; Gurdal, Olmedo, 1993) or thickness
optimization
(Almeida, Awruch, 2009;
Muc, MucWierzgon, 2012). A lamina with the variable stiffness and
curved fibers provide a great flexibility to achieve needed
natural frequencies, mode shapes (Akhavan, Ribeiro,
2011), vibration amplitudes (Akhavan, Ribeiro, 2012)
and buckling load (Setoodeh et. al., 2009).
Genetic Algorithm could be used to optimize these
plates(Sliseris, Rocens, 2011; Sliseris, Rocens, 2012) or
Ant Colony algorithm for more complicated objective
function
(Sebaey et. al., 2011;
Wang et. al, 2010;
Hudson et. al., 2010) Problem of optimal fiber orientation
angle of multilayer lamina is successfully solved by the
using
of
topology
optimization
approach
(Diaz, Bendsoe, 1992; Bendsoe, 1989), discrete material
optimization method (Lund, 2009; Niu et.al., 2010;
Stegmann, Lund, 2005), Ant colony algorithm (Kaveh
et.al., 2008) or Genetic algorithm (Hansel et.al., 2002).
uncertainty and nonlinear effects and uncertainty could be
taken into account (Jung, Cho, 2004; Asadpoure et. al.,
2011).
This paper is proposing an improved and tailored
multilayeroptimization method for fiber directions and
concentrations in outer layers and showed some typical
results as well as some experimental investigations of
these plates.
Optimization method
Tailored optimization method for variable stiffness
plates is provided. Two stage optimization of plates outer
layers is provided which optimizes fiber directions in the
first step and fiber concentrations in the second. This
method is based on structural compliance minimization:
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min 𝑈 𝑇 (𝜙, 𝑘)𝐾(𝜙, 𝑘)𝑈(𝜙, 𝑘),
𝜙,𝑘

(1)

where 𝜙 - fiber orientation angles;
𝑈(𝜙, 𝑘) − displacement vector;
𝐾(𝜙, 𝑘) − global stiffness matrix.
𝜙 = {𝜙1 , 𝜙2 , … , 𝜙𝑁𝑒 },

(2)

𝑘 = {𝑘1 , 𝑘2 , … , 𝑘𝑁𝑒 }.

(3)

Since the outer layers ply the most significant role in
stiffness of flexural plate this method optimizes only fiber
directions and concentrations in the outer layer (GFRP
layers) of plate.
The material flexural stiffness matrix 𝐷𝑖 of i-th finite
element is modified by using coordinate transformation
matrix N and fiber concentration coefficients k :
𝐷𝑖 = 𝑘𝑖 𝑁 𝑇 (𝜙𝑖 )𝐷𝑖0 𝑁(𝜙𝑖 ).

(4)

The proposed method is based on algorithm that is
shown in fig.1. The algorithm consists of three loops. The
first loop runs until the convergence criteria are satisfied.
The second loop goes through all finite elements from 1
to Ne (number of finite elements). The third loop goes
through all discrete values of fiber orientation angles
from 1 to N.
The fiber orientation angles are changed by special
procedure R(x)=xj. This procedure changes orientation
angle to xj in region with center in i-th finite element and
radius Rinf.
The finite element analysis is done inside all loops.
The value of compliance function C(i,j) (index i indicate
i-th discrete angle and index j indicate j-th finite element)
is calculated by using the results of finite element
analysis.
There is a special procedure that updates values of
fiber orientation angles x inside the first loop. The
updated value of x is obtained in each finite element
according to minimal compliance.

The fiber concentrations are updated by using
following algorithm:
𝑘𝑖 = 𝑚𝑎𝑥 {

𝑘𝑚𝑖𝑛
𝑘𝑚𝑎𝑥
𝑚𝑖𝑛 {

(𝑘𝑖 ∗

𝐶(𝑖) 0.5
𝐿

,

(5)

)

where 𝑘𝑚𝑖𝑛 , 𝑘𝑚𝑎𝑥 −minimal/maximal
possible concentration;

value

of

𝐿 −parameter that is used to limit the sum of
concentrations in all finite elements.

890 𝑀𝑃𝑎, 𝑣12 = 0.3. The glass fiber of grade E was
analyzed using the following elastic properties: 𝐸1 =
𝐸2 = 85000 𝑀𝑃𝑎, 𝐺12 = 35420 𝑀𝑃𝑎, 𝑣12 = 𝑣21 = 0.2
(Bank 2006). The vinyl ester resin glue was assumed to
have the following elastic properties: 𝐸1 = 𝐸2 =
3400 𝑀𝑃𝑎, 𝑣12 = 𝑣21 = 0.3, 𝐺12 = 1308 𝑀𝑃𝑎 (Clarke,
2005).
Four discrete values of fiber orientation angle were
used: 0/45/90/135. (The angle between outer layers of a
plywood plate and fiber direction in outer layer of a
whole composite plate)
All plates are loaded by 1 kN/m2 uniformly distributed
load

Fig. 1. Fiber direction 𝜙 optimization algorithm.
Fig. 3. Fiber direction plot of a single span rectangular plate
with dimensions 2.1 m x 2.1 m (due to symmetry shown one
quarter of plate).
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Fig. 2. Fiber concentration 𝑘 optimization algorithm.
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Results and discussion
The optimal fiber orientation angles and concentration
ratio for outer layers (top and bottom) were obtained for
19 layer symmetrical birch plywood sheet. The plywood
sheet has the following lay-up [𝜙𝑖 , 0, 90, … , 90,0, 𝜙𝑖 ].
with the total thickness of plywood plate 26 mm. For the
outer layer of a plate glass fibers with vinyl ester resin
matrix were taken.

Fig. 4. Fiber relative concentration plot of a single span
quadratic plate with dimensions 2.1 m x 2.1 m (due to
symmetry shown one quarter of plate).

The standard birch plywood were used with following
elastic properties (Sliseris, Rocens, 2012): of a single
sheet 𝐸1 = 16400 𝑀𝑃𝑎, 𝐸2 = 500 𝑀𝑃𝑎, 𝐺12 =
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Fig. 5. Deflection plot of a single span quadratic non-optimized
plate with dimensions 2.1 m x 2.1 m (due to symmetry shown
one quarter of plate).

Fig. 7. Fiber direction plot of a three span rectangular plate with
spans 0.7 m x 0.7 m x 0.7 m in both directions (due to
symmetry shown one quarter of plate).
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Fig. 6. Deflection plot of a single span quadratic optimized plate
with dimensions 2.1 m x 2.1 m (due to symmetry shown one
quarter of plate).

Fig. 8. Fiber relative concentration plot of a three span
rectangular plate with spans 0.7 m x 0.7 m x 0.7 m in both
directions (due to symmetry shown one quarter of plate).

The optimal fiber concentration plot is shown in Fig. 4.
It can be seen that maximal amount of fiber should be put
in the central part of plate.

It is obvious (fig. 3) that each quarter of a plate has
constant fiber orientation angle. However, by optimization
of the concentrations (fig. 4) more discrete areas should
be chosen.

The maximal deflection of non-optimized plate is
11.7 mm; the plate’s with optimized just fiber directions
in outer layers- 10.1 mm; the plate with optimized fiber
directions and concentrations in outer layers- 8.0 m.
The optimization was done also for three span plates
(fig. 7. – 10.). For these plates maximal fiber
concentrations are necessary on support lines in opposite
to one span plate.
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The three span plates (equal and different spans) could
be divided in rectangular discrete domains (see
fig. 7;fig. 8. and fig. 9; fig. 10) like it was in the case with
one span plate but in this case with more discrete areas.

MPa; G12=G13=2700 MPa; G23=1500 MPa; ν12= ν23=0,27;
ν13=0.044
The thickness of GFRP layer is 1.5 mm, but the
thickness of each plywood layer is 1.42 mm. The chosen
discrete domains for three equal span plate of discrete
areas with intensities are shown in fig. 11.
Symmetry around x axis

Symmetry around y axis

Fig. 9. Fiber direction plot of a three span rectangular plate with
spans 0.5 m x 1.1 m x 0.5 m in both directions (due to
symmetry shown one quarter of plate).
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Fig. 11. The plot of simply rectangular discrete domains
including fiber orientations and concentrations of a three equal
span rectangular plate with spans 0.7 m x 0.7 m x 0.7 m in both
directions (due to symmetry shown one quarter of plate).

The plate with three equal spans are loaded by 10
kN/m2 uniformly distributed load the same as for three
different span plate example. Due to symmetry, one
quarter of plate was analysed.
Fig. 12. Deflection plot of a three equal span quadratic plate

10%

Fig. 10. Fiber relative concentration plot of a three span
rectangular plate with spans 0.5 m x 1.1 m x 0.5 m in both
directions (due to symmetry shown one quarter of plate).

The behavior of a plate with discrete variable stiffness
Composite with discrete variable stiffness is chosen to
provide manufacturing possibilities of such plates. For
each discrete area of a plate fiber orientation and
concentrations are optimized. Only four discrete fiber
orientation values for fiber angles (0/45/90/135 degrees)
and four values for relative concentrations k
(15%/25%/40%/60%) were chosen;
In the first case there are constant directions of outer
layer, in second case there are optimized fiber directions
of glass fibers (0/45/90/135 degrees) in outer layers, and
in third there are optimized outer fiber directions and
concentrations of outer layers with previously provided
four discrete values for fiber angels and four discrete
values for fiber directions.

(0.7 m x 0.7 m x 0.7 m) in both directions for non-optimized
plate with extra ply sheet (due to symmetry shown one quarter
of plate).

Reduced modulus of elasticity (for relative
concentration 30%) for glass fiber-vinyl ester layer is
calculated (Bank 2006) E1=28000 MPa; E2=E3=6200
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Fig. 13. Deflection plot of a three equal span quadratic
rectangular plate with spans (0.7 m x 0.7 m x 0.7 m) in both
directions for non-optimized plate (due to symmetry shown one
quarter of plate).

Fig. 15. Deflection plot a three equal span quadratic rectangular
plate with spans (0.7 m x 0.7 m x 0.7 m) in both directions with
optimized fiber directions and concentrations with the average
concentration 30%. (due to symmetry shown one quarter of
plate)

The maximal deflection of a ply-wood with thickness
of 30 mm is 0.504 mm (see fig. 12), for non-optimized
(27 mm) plate with extra fiberglass-resin layers is
0.398 mm (see fig. 13). In the case with optimized fiber
directions and constant concentrations the maximal
deflection is 0.334 m (see fig. 14) and for the plate with
optimized fiber directions and concentrations in outer
layers the maximal deflections is 0.287 m (see fig. 15).
The comparison between all cases is shown in table 1.

Fig. 14. Deflection plot of a three equal span quadratic
rectangular plate with spans (0.7 m x 0.7 m x 0.7 m) in both
directions with optimized fiber directions and constant (30%)
concentrations (due to symmetry shown one quarter of plate).

It is found that the decrease of displacements is 16%
when optimized only fiber directions and 28% when
optimized fiber directions and concentrations) by using
fiberglass vinyl ester resinlayers, but when optimized
directions of extra outer ply sheet the decrease of
displacements are about 16%. It shows that by
optimization of fiber directions it is the same improvement
achieved by using either extra ply sheets or fiberglass
fiberglass vinyl ester resinlayers in outer layer.
The maximum displacements were in the middle of
first and last span of the plate for the three span plate.
It is achieved that the ultimate strength is achieved in
ply wood sheets, therefore the values of stresses in
directions of ply veneers is needed to analyze.

Table 1. Comparison of maximal deflection (m) for different variants

Deflection
w [mm]

Improvement
to
27 mm Ply
wood %

Ply wood 27mm:

0.658

0%

Ply wood 30mm:

0.504

23%

0%

Ply wood 27mm + outer layers 1,5 mm
extra ply sheets with optimized
directions:

0.424

36%

16%

Ply wood 27mm + outer layers 1,5 mm
non optimized extra fiberglass-epoxy
layers :

0.398

40%

21%

Comparison of deflections
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Improvement
to
30 mm Ply
wood %

Improvement to
27 mm Ply wood
with extra
fiberglass layer%

0%

Ply wood 27mm + outer layers 1,5 mm
extra fiberglass-epoxy layers with
optimized directions :
Ply wood 27mm + outer layers 1,5 mm
extra fiberglass-epoxy layers with
optimized directions and
concentrations:

0.334

49%

34%

16%

0.287

56%

43%

28%

Table 2 Comparison of maximal stress in direction of wood fiber for different variants

Stresses σ
[MPa]

Ply wood 27mm:

5.767

0%

Ply wood 30mm:

3.980

31%

0%

Ply wood 27mm + outer layers 1,5 mm
extra ply sheets with optimized
directions:

3.710

36%

7%

Ply wood 27mm + outer layers 1,5 mm
non optimized extra fiberglass layers :

3.097

46%

22%

0%

Ply wood 27mm + outer layers 1,5 mm
extra fiberglass layers with optimized
directions :

2.879

50%

28%

7%

Ply wood 27mm + outer layers 1,5 mm
extra fiberglass layers with optimized
directions and concentrations:

2.163

62%

46%

30%

Comparison of deflections

The values of stresses in directions of veneers reduce
for 7% with optimization of fiber directions in both cases
(ply sheets and fiberglass layer) and 30% with
optimization of fiber directions and concentrations in case
of fiberglass layers). All values of stresses for three equal
span plate are shown in table 2.

Improvement
to
30 mm Ply
wood %

Improvement to
27 mm Ply wood
with extra
fiberglass-epoxy
layer%

Improvement
to
27 mm Ply
wood %

The similar improvement is achieved with three
different span plate (fig. 16) – 16% increase of stiffness
when optimized outer layer directions (in both cases) and
35% when optimized outer layer directions and
concentrations in case of using fiberglass laminates.

Symmetry around x axis

Symmetry around y axis

Fig. 16. The plot of simply rectangular discrete domains including fiber orientations and concentrations of a three different span rectangular
plate with spans 0.5 m x 1.1 m x 0.5 m in both directions (due to symmetry shown one quarter of plate).

39

For one span plate (fig. 17) the most increase of
stiffness were achieved by optimization of fiber
directions – 23% but when optimized directions and
concentrations the increase of stiffness was 27%. The
chosen discrete areas of outer layer angles were very
accurate to theoretical optimal result scheme.
Symmetry around x axis

Experimental investigations

Symmetry around y axis

Some experimental investigations were done for
contour supported square plates with non-optimized and
optimized outer fiberglass layer. The thickness of
plywood was 6.5 mm, and thickness of fiberglass layer
was 1.0 mm. Two different types of specimens were
investigated – 6.5 mm plywood with 2 layers of
fiberglass layers in both sides of a plate with total
thickness 10.5 mm and 6.5 mm plywood with 3 layers of
fiberglass layers in both sides of a plate with total
thickness 10.5 mm. The compared vales between
theoretical and experimental values are mostly in 10%
limitation with more congruence at higher loadings. The
values are shown in Table 3.

Fig. 17. The plot of simply rectangular discrete domains
including fiber orientations and concentrations of a one span
rectangular plate with spans 2.1 m in both directions (due to
symmetry shown one quarter of plate).
Table 3. Experimental investigations of optimized and non-optimized contour supported square plates.

2
2
2
3
3
3

FG
FG
FGO
FG
FG
FGO

PW∥
PW ┴
PW
PW∥
PW ┴
PW

2
2
2
3
3
3

FG
FG
FGO
FG
FG
FGO

10.5
10.5
10.5
12.5
12.5
12.5

Teor.
1.55 10%
1.51
8%
1.39
1.00 25%
0.98 23%
0.75

Exp.
1.57 -6% -1%
1.68
1% -10%
1.67
-17%
0.98 32% 2%
0.93 28% 5%
0.67
12%

Teor.
11.42
14%
11.14
17%
13.04
18.36
4%
15.55
23%
19.09

Exp.
12.49
12.40
14.33
16.12
12.96
15.64

15%
15%
-3%
21%

(Pmax,teor-Pmax,exp)/Pmax,exp

(Pmax,optPmax,n_opt)/Pmax,n_opt

Pmax [kN]

(Pmax,optPmax,n_opt)/Pmax,n_opt

Pmax [kN]

(wteor-wexp)/wexp

Strength

(wopt-wneopt)/wneopt

w (at 1kN) [mm]

(wopt-wneopt)/wneopt

w (at 1kN) [mm]

Total thickness

Type of layers

Amount of layers

Plywood orientation

Type of layers

Amount of layers

Stiffness

-9%
-10%
-9%
14%
20%
22%

Conclusions
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